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I. INTRODUCTION
The main aim of the heavy ion collision (HIC) programmes at Relativistic Heavy Ion Collider (RHIC) and Large Hadron Collider (LHC) is to create a new state of matter called quark gluon plasma (QGP). Such a state of matter, i. e. QGP might have existed in the early universe after a few micro-second of the big bang. One of the scientific reasons to create and study QGP in laboratory is to understand the state of the universe in the micro-second era. The fluctuations in the temperature of the cosmic microwave background (CMB) radiation has provided very important information about the universe when it was about 300,000 years old and hence led to tremendous support to the big bang model of cosmology. The polarization of the photon resulting from the Thomson scattering at the decoupling surface with density fluctuations gets reflected in the quadrupole moment of the phase space distribution of the incident photon. The temperature fluctuation in the microwave background is introduced as a perturbation in the phase space distribution of photons. The evolution of this perturbation is studied using Boltzmann equation with Thomson scattering in the collision term [1] .
We have adopted a similar approach to study the fluctuations in the energy density and other thermodynamic quantities in the system formed in HIC at relativistic energies. The evolution of the fluctuations in various thermodynamic quantities (e.g. hot spots created in the initial state of the collisions [2] ) can be studied in the hydrodynamic limit involving perturbations in the phase space distributions, the evolution of which is studied within the ambit of Boltzmann equation [3] . Since long fluctuations has been considered as an important probe to understand the properties of matter formed in heavy ion collisions (HIC) at relativistic energies. Fluctuations in various thermodynamic quantities have been proposed as a signal of the critical end point in the QCD phase transition [4, 5] . The different magnitude of fluctuations in partonic and hadronic phases in the net electric charge and baryon number may shed light on the QCD phase transition in HIC [6] . Event by event fluctuations in the ratio of positively to negatively charged pions may be used as an indicator QCD transition [7] as well as for understanding the chemical equilibrium in the system formed in HIC [8] . Evolution of these fluctuations near the critical end point has been studied by using Boltzmann equation [9] . Kinetic theory approach has also been adopted to study the particle and energy density fluctuations in [10] . In the present work we make an attempt to understand the evolution of an inhomogeneous and anisotropic QGP created in HIC through the study of fluctuations in various thermodynamical quantities within the framework of Boltzmann equation.
The paper is organized as follows. In the next section we discuss the formalism that is used in this work. Results are presented in section III and section IV is devoted to summary and discussions.
II. FORMALISM
The phase space distribution function of a system which is slightly away from equilibrium can be written as [11] ,
where f (0) (p) is the equilibrium phase space distribution function and Ψ( x, p, t)
, is the fractional deviation from equilibrium distribution at time t at the position vector, x and momentum vector, p. Ψ( x, p, t) can be used to estimate the fluctuations in various thermodynamic quantities in the system. The evolution of the fluctuation, Ψ is governed by Boltzmann equation, which in turn provides the relation between the dissipative effects and fluctuations in the hydrodynamic limit.
A. Fluctuations
To express the fluctuations, anisotropies and dissipations in the system in terms of Ψ we write the energy momentum tensor, T µν of the system as T µν = T µν + ∆T µν , where the equilibrium (ideal) part, T µν is determined by f 0 (p) and the dissipative part, ∆T µν is determined by Ψ, i.e.
The energy momentum tensor of the system in equilibrium can be obtained from this equation by setting Ψ = 0. In this work we take g µν = (−1, 1, 1, 1), meaning p 0 = −p 0 and p i = p j . We also write p i = pn i , i.e. p = | p|n wheren is a unit vector and d 3 p = p 2 dp dΩ, dΩ being solid angle associated with n i , which satisfy dΩn i n j = 4πδ ij /3 and dΩn i n j n k = 0. From Eq. 2 various components of T µ ν can be written down straightforwardly. The deviation of the components of the stress energy tensor from their ideal value δT µν can be expressed in terms of Ψ as follows:
where
and m is the mass of the particle. It is to be noted that the integral, d
3 p pn i f (0) (p) = 0 since in equilibrium the system is isotopic i.e, all directions are equally probable in its rest frame, the phase space average of momentum vector then is zero.
The ideal part of the stress energy tensor in the hydrodynamic limit is given by,
where . Therefore,ρ = p 2 dp dΩ ǫf (0) (p) = 4π p 2 dp ǫf (0) (p),P = 1 3 p 2 dp dΩ p 2 f 0 (p)/ǫ. Equilibrium distribution is isotropic, therefore, integration over dΩ will give simply 4π. Now if the fluid is slightly away from equilibrium with space time dependent fluctuations in energy density, pressure and velocity, etc., then system will evolve toward equilibrium through dissipative processes. The evolutions of initial fluctuations will be dictated by the nature of dissipations. In such situation the components of the energy momentum tensors can be explicitly expressed in terms of the thermodynamic variables as:
where v i is the i th component of the velocity perturbation. We can always choose a frame which is moving with velocity close to the velocity of the fluid, so that the fluid velocity measured from this frame is small. From Eq. 5, we get Σ 
) and thermal conductivity (χ) is related to δT 0 j as δT [12] . In k−space or Fourier space these expressions are reduced to:
Using Eqs. 3 and 6 the fluctuations in momentum space can be expressed in terms of Ψ as:
Now we take the zenith direction along k and then angular dependence of Ψ(k i , p, n i , t) can be expressed in terms of angles betweenk and n. Depending on the symmetries of the problem under consideration Ψ can be expressed as series of suitable complete set of orthogonal angular basis functions e.g, for axial symmetry in terms of Legendre polynomials and for absence of such symmetry it can be expressed in terms of spherical harmonics.
Looking at the forms of v i (k l , t) and Σ i j (k l , t) in Eq. 6 where we have vector component n i and tensor components (n i n j − 1 3 δ ij ) which can be converted into function of θ, the angle between k and n, by taking contraction with suitable tensors made out ofk which give v i (k l , t) and Σ i j (k l , t). If we contract n i with k i then we get kk.n = k cos(θ) = kP 1 (k. n) and contracting (n i n j − 1 3 δ ij ) with (k ikj − 1 3 δ ij ) then we get
, where P l s are Legendre polynomials. For axial symmetric distribution of p it helps to connect different co-efficients of expansion of Ψ in terms of Legendre Polynomial with corresponding scalar quantities defined for v i (k l , t) and Σ i j (k l , t) due to orthogonality relation of P l s. For that we define scalars like δ, θ and σ as [13] ,
which corrospond to energy density fluctuation, energy flux and shear stress respectively. θ(k i , t) = ik j v j originates from the velocity gradient. The relation of σ with η and θ with χ can be written as:
Using Eqs. 7 and 8, we get fluctuation in energy density, pressure fluctuation and velocity in k-space as
p 2 dp ǫf (0) (p) , δP (k i , t) P = 1 4π dΩ p 2 dp
p 2 dp
For an axially symmetric distribution one can expand Ψ in terms of Legendre polynomials:
where the factor(−i) l (2l + 1) is used to simplify the expansion of a plane wave form of Ψ. Substituting expansion of Ψ in Eq. 10 and performing the angular integration we get, δρ(k i , t) = 4π p 2 dp ǫf
As a special case of massless particles withP = 1 3ρ , the fluctuations read,
where ǫ 0 = p 2 dp pf (0) (p). The above set of equations can be written in a compact form as:
therefore, F has angular dependence of Ψ, then for those cases where Ψ can be expanded as Eq 11, F can be expanded as
Putting expanded form of Ψ from Eq. 11 in Eq. 14 and comparing with Eq. 15 we get
From Eqs. 12 and 16 we get,
Using the relation σ( k, t) = −4ηik
where s is the entropy density andT is the average temperature of the system.
B. Evolution of fluctuation
To understand the evolution of the fluctuations we use the Boltzmann equation,
where C[f ] is the collision term. Using Eq. 1, we get, the equation that governs evolution of Ψ,
For the sake of simplicity and to obtain an analytic solution of the problem under study we use relaxation time approximation,
where τ is the relaxation time. Using this in Eq. 19 and assuming zero external force we get,
Using the Fourier transform,
For massless particles (as the case may be for partonic system formed in HIC), Eq. 21 becomes
Multiplying Eq. 23 with p 2 pf (0) (p) and integrating over p, then dividing by p 2 dp pf (0) (p) we get, using Eq. 14,
This equation has a solution,
where (k.n) = µ. The value of F ( k,n, t) can be obtained from its value at initial time, t 0 . Eq. 25 is a general expression for the fluctuations in the sense that all the quantities, e.a.g. ∆, θ, σ, discussed above at time t can be obtained from this expression if their corresponding initial values are supplied. Expanding F ( k,n, t) as in Eq. 15 and using the orthogonality relations of P l (µ)s we get,
Therefore, the energy density fluctuation at time t is given by:
III. RESULTS
Taking terms upto s = 2 in the expression for ∆( k, t) we get,
with P i (µ)'s are Legendre polynomials. Performing the µ integration we get, ∆( k, t) =e
This is the fluctuations in energy density, from which the fluctuations in temperature can be obtained as δρ/ρ = 4δT /T for ρ ∼ T 4 . The density fluctuation in terms of transport coefficients can be written as: 
If the initial (t = t 0 ) energy density fluctuation, gradient of velocity, viscosity to entropy ratio and temperature of the system in equilibrium are known then from Eqs. 30 and 31 we can get fluctuation at any other time t > t 0 . In Fig. 1 the spatial variation of the fluctuation is plotted at different times. For a case study we have taken ∆(k, t 0 ) as a Gaussian and the values of t 0 and τ are taken as: t 0 = 0.5 fm/c, τ = 1 fm/c. The results indicate a rapid dissipation and displacement of the fluctuations with increase in time.
IV. SUMMARY AND DISCUSSION
In the present work we have studied the time evolution of the fluctuations in thermodynamic quantities using Boltzmann transport equations. We provide an explicit relations between the fluctuations and transport coefficients in the hydrodynamic limit. In this work as a case study we have estimated the dissipation of fluctuation in energy density for an initial Gaussian with its peak value equal to unity at origin. It will be interesting to examine the dissipation of the fluctuations in a more realistic scenario of HIC [14] .
